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instruction group. A conversion mixed methods analysis was used to ex

Keywords gquantitativeand qualitative data. The quantitative analysis showed achieve
Virtual manipulatives outcomes were the same for both groups. The qualitative analysis revealec
Physical manipulatives in learning that were otherwise hidden with solely quantitative achieve
Fractions results. Specifically, the reks indicated VMR group success in understand
Instructional modalities fractions as relationships and PMTR group success in mainta
Openresponse items conceptualization of the whole.verall, the results of this study corrobore

previous research indicating the importance of both types stfuittional
modalities, showing thatirtual manipulatives and physical manipulatives .
effective instructional tools with positive effects on student learning. The ¢
expands existing research by offering an opportunity to explore the nuan
stuent sé6 fractions wunderstanding at
fraction learning.

Introduction

Elementary teachers use a variety of instructional modalities when teaching children early fraction concepts.
Their instruction often includes physical, pictorial, and symbolic representations. Some teachers use virtual
manipulatives (Moyer, Bolyard, & Sgell, 2002), which combine representations (e.g., pictorial and symbolic)

and representational modalities (e.g., visual and haptic). Studies indicate that using multiple representations and
modal ities in fraction i nstundecstandiogmoffrdcione(BehrpleshaPos, e x p a
& Silver, 1983; MoyetPackenham & Westenskow, 2013; Sowell, 1989).

The purpose of this study was to explore the relationship between instructional modalities used for learning
fraction concep® specifically using virtual manipulatives or physical manipulatives with textbdadsd

student s6 sol ut i-response fracton keqs. &Ve enployedoapenversion mixed methods
approach (Teddlie & Tashakkori, 2006) to analyze emsponse items, which weded and quantitized for

guantitative and qualitative analysis. Opee s ponse iitems provide windows i nt
and strategies for solving mathematics tasks (Cai, 2000; Cai, Magone, Wang, & Lane, 1996; Lane, 1993). This
study complemts and extends previous studies by using epsponse items to examine these phenomena in

depth using qualitative analysis with a large sample of participant895).

The study was framed as a comparison between the learning outcomes of two fstugents using different

modalities for learning fraction concepts (i.e., virtual and physical manipulatives). As you will reAdaior

Whitney U analysis corroborated prior research (e.g., Burns & Hamm, 2011; Manches et al., 2010; Melideo &
Dodson, 209; Mendiburo & Hasselbring, 2011; MoyBackenham et al., 2013) indicating no numerical
achievement differences between the groups. Hence, in the paper, we aimed to explore the more nuanced
patterns in studentsd r es picerasayss. Veerselectadtspeeific stgdeneveorkt hr o u
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examples for the Results section to highlight patte
strategies on these opegsponse items.

The examples we selected highlight key themes that emérgaat analyses, namely, shifts in learning from
pretest to posttest and small di fferences between th
process of this rigorous qualitative sifcaidnpgchémeofof 355
the strategies that emerged (see Appendix A), which we anticipate will be helpful to the research community.

(

Representations, Instructional Modalities, and Fraction Learning

As children develop their understandings of number arahtifies from whole numbers to rational numbers,

they often struggle with understanding that a fraction represents a relationship. Children have difficulty
understanding the meaning of the denominator, keeping track of the whole, and thinking mulepbi¢Behr

& Post, 1992; Kamii & Clark, 1995; Smith, 2002). To help children overcome these challenges, representations

are often at the heart of teaching and learning the persistently difficult concept of fractions

Research (e.g., Cramer, Post, & detya002; Sowell, 1989) and mathematics learning theories (e.g., Bruner,

1966 ; Cobb, 1995) emphasize the iimportant role play
learning. Representations include signs, symbols, models, images, or oljectmtid for a particular reality

(Cai, 2005; Goldin & Shteingold, 2001) and are used to mediate and express learning. Representations can be

used as an instructional aid to make sense of mat he
intermal mental models of mathematics. Cai (2005) termed pedagogical representations as those representations
used by teachers and students to explain and | earn c

generated by a solver to communicate khinng o f the solution processeso (
pedagogical representations were considered during fraction instruction and learning, while solution
representations were considered in t hestoaopeadspoeses of s
test items.

Pedagogical Representations

Pedagogical representations are often categorized as physical, pictorial, or symbolic. Various pedagogical
representations illuminate different aspects of a fraction concept. Students neatyaofaepresentations to

support their understanding of fraction concepts (National Council of Teachers of Mathematics, 2000). Physical
representations typically include physical manipulative models that a student can touch, handle, and manipulate
to exdore a mathematical concept. Fraction circles and fraction bars are two common examples of physical
manipulatives. Pictorial representations are-animated pictures, which provide a visual image that relates to
physical examples, such as a regimadel ¢ awi ng t hat il lustrates IJ of a
representations include numerals, words, and equations.

When learning fractions, students often struggle with symbolic representations, specifically, understanding
symbolic fraction notation and éhmeaning of the numerator and denominator (Behr & Post, 1992). Bruner
(1966) proposed that these pedagogical representations help children make sense of their world when used in
stages: first through enactive means (i.e., the manipulation of physicat)jsat then connect with iconic

(visual images, pictures) and symbolic (words, numbers, symbols) representations. The obvious advantage of
physical manipulatives in mathematics learning is the concrete action of physically manipulating objects to learn
mathematics concepts. Different from physical manipulatives, virtual manipulatives often provide students
opportunities to work physically with iconic representations. Additionally, one of the unique advantages of
virtual manipulatives is that they ofteirettly link iconic and symbolic representations.

Using Physical Manipulativet® Learn Fraction Concepts

Sowel | 6s {ardal9ss& Df) 60 stediesaon the effectiveness of mathematics instruction with physical
manipulatives indicated that physical nmandatives were most effective when compared to symimily
instruction and when physical manipulatives were used-temg. A recent review of manipulatives by
Carbonneau, Marley, and Selig (2012) identified 55 studies that compared physical maeipdestdd
instruction to a control condition of abstract mathematics symimded instruction and found small to
moderate effect sizes in favor of the physical manipulaidzesed instruction. Carbonneau et al. (2012)
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extended Sowelahaysssbhy 10986 nt imegtiang moder ators of physic
(e.g., an objectds perceptual richness, | evel of guid

Using Virtual Manipulativeso Learn Fraction Concepts

Clements and McMillian (1996)uggested possibilities for thinking outside of the typically designated
categories of physical, pictorial, and symbolic because technology provides new ways of thinking about what is
ficoncreteodo or fiphysical. o For eéxasmphiian imaasedveuwatr it wva) W
representation of a dynamic objectodo (Moyer, Bol yard,
categories and often combine representations and modalities. By engaging with virtual manipulativés, stude

|l eave the concret e pmctotialabstractanbdel El9G6namd go sheyand the piceotiak

phase, because virtual manipulatives provide a dynamic visual or pictorial model (Moyer, Niezgoda, & Stanley,
2005). A recent metanalysis of & effect size scores from 32 studies comparing the effects of using virtual
manipulatives on student achievement with other methods of instruction indicates that virtual manipulatives

have moderate effects on student achievement during instruction wh@areaiio other types of instruction
(Moyer-Packenham & Westenskow, 2013).

Using Physical and Virtual Manipulativés Learn Fraction Concepts

Sever al recent studies compare elementary students?éo
virtu a | mani pul atives to | earn fractions (e. g., Burns
Melideo & Dodson, 2009; Mendiburo & Hasselbring, 2011). These studies indicate that physical manipulatives

and virtual manipulatives are equally effectiwe fraction instruction. For example, Burns and Hamm (2011)
randomly assigned 91 thigtade students to complete a lesson using either physical or virtual manipulatives to

learn fraction concepts. Using a pretpssttest design, Burns and Hamm (2011)nfbuhat both types of
manipulatives were effective in teaching thgithde students fraction concepts.

MoyerPackenham and We s t e-anslysis weparted (that0 whan virtiak &nd physical
manipulatives are combined during instruction and coegawith other instructional treatments, there are
moderate effects on student achievement. The -ar&dysis results indicated that both virtual manipulatives
alone and virtual manipulatives combined with physical manipulatives have instructional fdztiessitively

i mpact students6é mathematics achievement. The implic.
of embodied knowl edge, which proposes that student s
embodiments of mathematicsoncepts aids studentsd | earning of absi

Nunez, 2000). The present study represents an important extension of the existing research. Rather than using
only pretest and posttest multiptboice scores, as many studies/én done in the past, the present study looks

more closely at the test items that were epEsponse. By examining and coding 355 thadd fourthgrade

student sd6 r espons e-espeasedracton iteas, ¢hig istedy takesnaddpth okat the
patterns that emerged from hundreds of studentsd sol U
were used.

Purpose and Research Questions

The purpose of this study was to explore the relationship between instructional maglalita nd st udent soé
strategies on opemesponse fraction item$articipants were enrolled in a larger study aimed at examining
differences in achievement amdriables that predict performance when manipulatives are used for mathematics
instruction. Detailed descriptions about the larger study are discussed in separate publica@hdoyer

Packenham et al., 2013; Moyeackenham et al., 2014n the current studywe explored the following

research question: What is the relationship betweenugtginal modality (virtual manipulatives or physical
manipulatives withtexb ased materi al s) and st webgonst ffadtionstaskszit i on str

Method

Participants and Setting

Participants were 155 thirgrade and 200 fourtbrade atdents from 17 public school classrooms in 7 different
elementary schools located in 2 school districts in the western United States. Students were assigned to one of
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two treatment groups (virtual manipulatives representations or physical manipulativesexdtdsed
representations) using withiolass random assignment. Teachers who taught the Virtual Manipulatives
Representations (VMR) groups used primarily virtual manipulatives representations to teach fraction concepts
during a 23 week unit of instruadn. Teachers who taught the Physical Manipulatives and Textbook
Representations (PMTR) groups used primarily physical manipulatives and text representations to tedch the 2
week unit of instruction.

Data Source and Data Collection

The main source adata in this project was thapenresponsdractionitems, which were two of the 19 items

that students completed on pretests, posttests, and delagtests in the larger project. The opesponse

items on these tests asked students to draw a pictdferavrite an explanation to justify their solutions. Unlike

the larger study, which sought to examine overall achievement and predictive variables, this examination took

anindepth | ook at s t u-tegpansesitéms.sRedearchersousedloffari@spomge éems to
assess studentsbé responses and representations, i dent
openr esponse items to assess studentsd mat hematical r

thinking beyond the correct/incorrect information provided by multigh®ice questions (Cai, 1995; Cai, 2000;
Silver, 1992).

Each opefresponse fraction item selected for this analysis was a matched question (i.e., similar or the same)
that appeared on the pretesd posttest. There were two sets of matched questions for third grade and two sets
of matched questions for fourth grade. The two tgirade opefmfesponse items that appeared on both the
pretest and posttest were the Chocolate Bar task and the CamelyaSk. These two tasks required students to
draw a picture (a fraction model) to explain their solutions. In fourth grade, tworepponse items that
appeared on the pretest and posttest were the Comparing Fractions task and the String task. They Compar
Fractions task asked students to draw a picture using the context of a candy bar (region model). The String task
asked students to partition and shade the given whole to create equivalent fractions (length model).

Data Analysis

Researchers analyzeithe operresponse data using a conversion mixed methods approach (Teddlie &
Tashakkori, 2006). In this analysis method, researchers first used qualitative coding techniques to analyze
studentsd various types of r ees qpaed quelisativea datd bysassigrintge gi e s
numerical codes for each respoitgee and strategtype, and finally summarized the data using quantitative

and qualitative methods.

Coding and Major Categories

Researchers used an iterative interpretation prece o f studentsd responses, codi i
reconsideration to define codes, categories, scores,
& Jakabcsin, 1996; Cai et al., 1996). To ensure 4rdtar reliability, pairsof coders conducted the analyses

together for the operesponse questions. The first phase of inductive analysis involved establishing major
categories based on emer gent t hemes i n student so r e
analyzedand coded studentsdé responses for correct sol uti
the correct and incorrect categories (e.g., partially correct answers, error patterns, strategies). Two coders
eval uated and codeds tmeheh When eoding rdiffedesl between pgthe tw® eoders, a
consensus was reached through discussion and/or a th
studentsd responses (see Appendi x A). dfeebpbmsessandnd gr a
strategies, visually analyze the responses of each gr
the VMR and PMTR groups of students.

Reconsideration

In the second phase of qualitative analysis, all questions wewd caghin for either errors or strategies.
Recoding occurred because our initial frames were limited and further analysis was warranted (Miles &
Huberman, 1994). Specifically, the String task was recodedrfors because strategies were a stronger theme
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in the initial phase of coding, while the other three items were recodesdrddegiesbecause errors were a
stronger theme in the initial phase of coding.

Data Summary

Finally, researchers compiled and summarized the data, focusing on trends intstsd® r esponses
differences in strategies between the two treatment groups. The data were not normally distributed, hence, a
nonparametric MarwwhitneyUanal ysi s was conducted to test for var|
errors) and strategs between the VMR and PMTR groups. Cradsilation frequency tests assisted researchers

in locating qualitative differences in the frequencies of solutions and strategies between the VMR and PMTR
groups.

Tables and graphs were used as tools to sumenéiniz patterns and trends in the data and to facilitate the
process of creative synthesis (Patton, 1990) . Creati
have emerged into a total experientepnahombdgl! pat éer
responses to the tasks, and their strategies for solving the fraction tasks which assisted us in interpreting the
results of the study (Patton, 1990, p. 410).

Results

Our research question focused on the relationship leetwlee representational modalities (VMR or PMTR)

used to | earn fraction concept s -@spahsedractiod ikems. A EGhir espon
square test of the distribution of types of responses 134.26) and types of strategie$ £ 189.91) indicated

that neither were normally distributed. Therefore, individual Mefritney U tests were used to assess the
differences in strategies and responses in the VM and PMT groups.

Results of these tessindicated that the groups were similar in regards to types of respprse®66) and use of

strategiesf{ = .413). The MarsWhitneyU corroborated prior research (e.g., Burns & Hamm, 2011; Manches et

al.,, 2010; Melideo & Dodson, 2009; Mendiburo & Halsing, 2011; MoyePackenham et al., 2013)

indicating no numerical achievement differences between the groups, hence researchers in this project aimed to
explore the more nuanced patterns in studentsodé respon

Researchers selected sifie student work examples for the Results section to highlight patterns and interesting
features of student sd r e srpspansedtems. dmedxampes that wayei selectedo n  t h
highlight key themes that emerged in our analyses, narsleifs in learning from pretest to posttest and small

di fferences between the VMR and PMTR groups®é respons
each of the four operesponse items. Third grade is presented first, followed by fourth grageresults of

each opewresponse item are presented in the following parts: Part 1,-Regponse Item; Part 2, Responses;

and Part 3, Strategies (see Appendix A for coding ke
and strategyype).

Third -Grade Chocolate Bar Task: Determining the Fractional Amount of a Region

OpenResponse Item

Thethirdgr ade Chocol ate Bar task as-wwle soncdptsgseeurpppemdix 8)6 und e
The question presented students with a ctaieobar broken into four equal pieces with one piece eaten.

Students determined the fraction of the original chocolate bar that was left (3/4), explaining their solution by
drawing a picture. Figures 1 and 2iestdtloewaske x ampl es of s
Responses

The most common response type on the Chocolate Bar t

Drawing with Incorrect Solution of I .0 Figure 1 show
l.c). Thisrespoess demonstrated studentsd understanding of pal
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students did not answer the question, Aiwhat fraction
misinterpretations of the task and not necessarlgtion misconceptions by students.

Strategy Used: 1 Set
la.l la.z2

Response Type: Correct Drawing with Response Type: Correct (PMTR student)
I ncorrect Solution v
student)

Strategy Used: 2 Region

1b.1 1.b.2 1.b.3
Response Type: Incorrect DrawiigMR Response Type: Correct Drawing Response Type: Correct
student) with I ncorrect (VMR student)

(PMTR student)

3
\,\
Strategy Used: 3 Both
l.c
Response Type: Correct Drawing with Incorrect

0 — CG""-‘&_’%’ bar m - R’e(_’_t. 537{ o K:/?&’/ bfftl/.-

Figure 1. Examples of Chocolate Bar Task resptypse codes grouped by strategy

Specifically, the example labeled 1.c showed that the PMTR student understood important fraction concepts, but

did not answer the questiom. rEBlye obh. ecnoseltdesntad £ds et &
equal , 0 indicating that she understood that her regic
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pieces. The studentds set model demonst rtaforequaher und
pieces and Jake ate one of those pieces. Her symbol (
to a symbolic fraction notation. Despite demonstrating her understanding of these key concepts, the student did
notrespond with) as t he amount of the original <chocolate bar
in both instructional groups in Grade 3.

A larger percentage of PMTR students (84% PMTR students; 75% VMR students) created a correct drawing in
theirresponse§ hese correct drawings provide insight into st
their misinterpretations of the task. The incorrect drawings, on the other hand, provide insight into aspects of
studentsd fracti on ntotherefractian anisabrceptonsaBxample 1.0.1 strows aiVMR
studentdébs response that was coded as #Alncorrect Dr aw
the need to partition a region into four equal parts, but he did not shade anypefrtitiens to represent a

fractional amount.

Strategies

There were two main types of models students used for solving thisregmmnse item: a region model and a

set model. The context of the chocolate bar in this task encouraged students to djiaw moeel (see 1.b.1,

1.b.2, 1.b.3). However, the wording of the task, fJalk
action that may have led students to draw a set model (thinking about the chocolate bar in individual pieces; see
l.a.lla.2).

The most common strategy for solving the Chocolate Bar task in both the VMR and PMTR groups was the use

of a region model; however, more VMR students used the region model (81% of VMR students; 67% of PMTR
students). More PMTR students (22%}dghe set model for solving the Chocolate Bar task than did VMR
students (9%). Figure 1 illustrates examples of stude
one studentds use of both model sdshcghtéepghtahguddér e
fractions. The region model shows her understanding of partitioning while the set model highlights her
understanding of shading 1 out of 4 pieces and | inkin

Third -Grade Candy CaneTask: Determining the Fractional Amount of a Set
OpenResponse Iltem

The Candy Cane task asked thincdhde students to determine a fractional amount of a set of 10 candy canes.
The pretest asked students to determinefifiieof the set of 10 candy cars while the posttest asked students

to identify twofifths of the set. This task required that students understand that the relationship of red candy
canes to the total number of candy canes was two out of five (posttest), to understand that two dinmups of
consisted of 10 candy canes, and to determine that if each group of five candy canes consisted of two red candy
canes then two groups of five would have 4 candy canes.

Responses

The majority of studentsd r gpepd ersre Bigue 2 provides anpexampled e st ¢
of each type of error: oAe a | f , drew 2/ 5, and drew 2/ 10. The most c
2/ 10. 0 Example 2.a shows that the PMTR studend) under s
but as he worked to determine how many candy canes to color red, he focused only on the numerator (of 2/5)

and did not recognize that there must be gpaupsof f i ve candy canes (AAnd 2 of
Thus, he responded with2 ofthe 1 candy canes beind. opd THiS® thpe efual
37% of the PMTR groupds responses and 27% of the VMR

Anotherresponse ype error was coded as fADrew 2/ 5. 0 ofktkeampl e 2
phrase fi2/5 of the candy canes were redo and drew on
from the Drew 2/10 error. Rather than focusing on only the numerator as a whole number, the student drew a
picture that represented aftac on. Thi s type of error made up 10% of |
the VMR groupb6s responses.
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Response Types
2.a
:v‘lLt g; u‘/é
Response Type: Drew 2/10 i %
Strategy: Start with 10 / Q ' 4 % (F
(PMTR student) ; ; ,;
{ i 1
| U ;‘%" &
x (g
10~ ox//‘/ﬁr,ol 2 oF the € M'[?""“ —
There o* )
f—cdf:jﬁ “+hot 2 gt ¢ls l%'“\'
2b
Response Type: Drew 2/5
Strategy: Start with 5
(VMR student)
2.c
Response Type: Ondalf
Strategy: Start with 10
(VMR student)
} //
/ J ot H’)QOS“@
4 & ved
Figure 2. Examples of the three response types showing stiiderdsr r or s on t he Candy C:
Exampl e 2. c i Hadsftdor ateessp otnhsee it @ rpecent responddd toithe Camdy £€ane | e, t
task with a drawing representing ehalf. The student drew 10 candy canes and focused on the denominator of
5 within 2/5 to determine that she should color 5 of the canes red. While incorrect, this approach shows some
relaional thinking in that the student is considering a fractional amount of 10. This error made up 11% of the
PMTR groupdés responses and 20% of the VMR groupds res
Al t hough studentsd correct responses remaere mang | ow o0
observable changes in studentsd responses and strate
often changed from one type of error to another type of error. Nevertheless, even the change in errors provides
i nsight i mtact $ omd emtnc@® ptt i ons. Figure 3 shows an exa
responses and strategies for the Candy Cane task.
The student in Figurtal3f despomarsde woin ht idhepmeothest , ex

five are red because 5 + 5 equals 10. Notice that a symbolic fraction is not included in her response. On the

posttest, she

agai

n

dr ew

10

can

dy

circling of five candy canes, denagir of the 5 as red, and including the symbolic notation 2/5. Her question

mar k coul d be

an

ndi

cator

t hat

she knows

somet hi

posttest provides a window into changes in her understanding of fraotiwepts. The posttest response shows
that she can identify, draw, and symbolically represent a fraction (i.e., 2/5), whereas her pretest did not reveal

fciafmtelss, duadas tihlilsudt

ng
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this understanding. Rather, the pretest response only showed that she possibly knew half of 10 is 5 an
pinpointed a relationship between 10 and 5.

Pretest (VMR student) Posttest (VMR student)
Response Type: Orealf Response Type: Drew 2/5
Strategy Used: Start with 10 Strategy Used: Start with 10

4uu CXpral your answer.

7
wip 2%

="

Figure 3. Exampl e of esaresponsesion the Garsdy Qanedaske st and pos

Strategies

The fAStart with 100 strategy (2.a in Figure 2 and Fi
Cane task (55% of the VMR groupébs strat ehge efsSt a&6r2t% wift
100 strategy was tied to thHalifDOd ewe 2fdODe ,reasponsen ai
Figure 2 and Figure 3 respectively, which accounts for the predominant use of this strategy.

Fourth-Grade Comparing Fractions Task: Ewaluating a Comparison of Two Fractions

OpenResponse Item

The Comparing Fractions task required fotgthde students to evaluate a comparison of two fractions
presented in a region model context (candy bar) then draw a picture to justify their enadfitie comparison.

The pretest focused on the comparison of unit fractions (1/4 and 1/5) while the posttest asked students to
compare two fractions close to one whole (2/3 and 1) .

correctinsayng t hat I of his candy bar is smaller than 1/
determined if Mark is correct in saying that 2/ 3 of h
Responses

Overall, the most common response tyjpe r both groups was a correct res|
responses on the posttest fell within the error categories. The frequencies of the error patterns were nearly
identical in both groups (see Appendix B). While these error types were not coommibre posttest, it is

interesting to see growth from pretest to posttest when incorrect solutions etype®ioccurred on the pretest.
Figure 4 provides two examples of studentsd growth be

The pretest for a VMRstudent (example 4.a.1) does not provide much information about what the student
knows about fractions. There may even be a misconception related to treating fractions as whole numbers within

the studentodés statement, fi t heepostteSta(4.2e2) hHoweverh the stubdemt s a me
symbolically demonstrated some understanding of how
pretest response focused on comparing just the numer
about fractional amount s. While the posttest (4.b.2)
(Aeight is smaller than nined), she is now drawing mo
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4.a.l

Pretest (VMR student)

Response Typentorrect

Strategy Used: No Drawing (incomplete)
1 1

18, Mark says N of his candy is smaller than 5 of the same candy bar.

Is Mark right? Yes © No &
Draw a picture to explain why you think Mark is right or wrong.

4.a.2

Posttest (VMR student)
Response Type: Correct
Strategy Used: Symbolic Only

2
18.  Mark says 3 of his candy is smaller than % of the same candy bar.

Is Mark right? Yes @@ No <O
Draw a picture to explain why you think Mark is right or wrong.

{’%’9’7 pave fo be Samz 522,
4.b.1 4.b.2

Pretest (PMTR student)
Response Type: Missing One Piece
Strategy Used: Drew a Model

1

1

18, Mark says n of his candy is smaller than 5 ofthe same candy bar.

Posttest (PMTR student)
Response Type: Correct
Strategy Used: Drew a Model

2 3
18, Mark says 3 of his candy is smaller than 2 of the same candy bar.

z
Is Mm"jghtf‘Yeso.NU‘ ) ) Is Mark right? Yes @ No O z =z 9
Draw & picture to explain why you think Mark is right or wrong, Draw a picture to explain why you thin‘kMaIk i_s‘rightor WIODg. ’g’ .@q
- ngf' e smlEd Tha g ginal
, hing s .ff_: 2 0
LY ‘ Y
- N o LEA 8
e 1€ l:)fw 2z
We sl just gof N = S,
Figure 4. Examples of student sd p orahe Eamparirgirdctign® st t est
task
Strategies
The two main strategies for c aafpoathroughgdra®irg3node

help them solve the task.

Whil e ADrew a Model

o

was the most

I8 af thdd

cocenr ithe way that thause g y

wer e
fractions. Overall, most students (75% of VMR; 82% of PMTR students) drew some type of representation to

f

of this strategy changed from pretest to posttest for many students. Figure 5 illustrates three examples of

studentsd pretests
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change in their fraction learning from pretest to posttest. However, a qualitative analysis provides deeper insight
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B amdrysd of a ccleanodel fos h o ws
t hat

responded correctly on the posttest (see 5.a.2) and again drew a model, but this time she used a rectangular
modd. The way she lined up the two rectangular models indicated her clearer understanding of comparing two

fraction representations. On the pretest she focused on comparing the partitioned pieces. On the posttest, her
representations show her knowledge of panng fractions with the same size whole. Her dotted line from the

2/ 3 model to the U
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partitioning rectangles in 5.b.1 (see erased rectangles) and ease of partitioning the circles on the posttest in 5.b.2.

posttest i
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notations show growth in demonstrating underding, despite the test score remaining the same from pretest to

posttest.

5al

Pretest (PMTR student)

Response Type: Correct

Strategy Used: Drew a Model
! 1

Is Mark right? Yes © No @
Draw a picture to explain why you think Mark is right or wrong.
g9

| ,“" "“
lg

Yhg SECTION g
/

18.  Mark says 4 of his candy is smaller than 5 of the same candy bar.

5.a.2

Posttest (PMTR student)
Response Type: Correct
Strategy Used: Drew a Model

2
18.  Mark says 3 of his candy is smaller than % of the same candy bar.

Is Mark right? Yes & No O
Draw a picture to explain why you think Mark is right or wrong.

5.b.1

Pretes (VMR student)

Response Type: Correct Drawing, Missing
Explanation

Strategy Used: Drew a Model
18.  Marksays 4 ofhis candy is smaller than 5 of the same candy bar.

Is Mark right? Yes C© No @
Draw a picture to explain why you think Mark is right or wrong.

5.b.2
Posttest (VMR student)

Response Type: Correct Drawing, Missing Explanatio
Strategy Used: Drew a Model

2
18.  Mark says 3 of his candy is smaller than % of the same candy bar.

Is Mark right? Yes OO No @
Draw a picture to explain why you think Mark is right or wrong.

5.c.1
Pretest (PMTR student)
Response Typédncorrect

Strategy Used: Drew a Model
1 1
18.  Mark says 4 ofhis candy is smaller than 5 of the same candy bar,

Is Mark right? Yes < No @
Draw a picture to explain why you think Mark is right or wrong.

5.c.2

Posttest (PMTR student)
Response Type: Incorrect
Strategy Used: Drew a Model

2
18.  Mark says 3 of his candy is smaller than % of the same candy bar.

Is Mark right? Yes O No @
Draw a picture to explain why you think Mark is right or wrong.

Figure 5. of studentséd

p rorahe E@mparirgrractign® st t e st
task

Finally, s udent 5. c6s fADrew a Model 06 code does not tell tI

(5.c.1), the student drew different sized wholes and had difficulty partitioning the whole into equal pieces.

While 5.cb6s test S d chree proesmaiersed dcdires tsathutdeont 6s dr awi
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developed understandings. Example 5.c.2 shows two wholes of the same size with comparatively more accurate
partitions of thirds and fourths. While there is marked growth in understandinghinthe same size whole to
compare fractions, the student continues to struggle with precise partitioning to help him solve the task
accurately. Nevertheless, the manner of partitioning is improved.

Fourth-Grade String Task: Developing and Modeling Eqivalent Fractions
OpenResponse Item

The fourthgrade String task assessed students on representing fractions equivalerhat. driee String task

provided students with a series of representations equaltbane f (i . e . , 3/ 6dstudeptstand 5/ 1
partition a given whole into fractional amounts equal to-loree| f . The task provides in
understanding of fractions equivalent to dradf, which is often their starting point for understanding equivalent

fractions and comgring fractions. The wording for this task seemed to be confusing for students and likely

i mpacted studentso6 responses.

Responses

Overall, the percentage of correct responses was similar in both groups (45% of the VMR group; 43% of the
PMTR group). Mag students demonstrated correct responses on the pretest, too, however, their symbolic
notations tied to their drawings and/or their explanations often provided a glimpse into solidified or new fraction
conceptions. Examples 6. @&Cbraedt6. ae3pshew ansbodbant
the pretest the student renames 5/10 and 11/22 as |
just listing equivalent fractions, she used the equal sign and further explain&d/#ats equal to the examples

in the test question (5/10, 3/6, and 1i).

While 7.abds test score on this question did not chang
her written reasoning provide more insight into her fraction tstdeding and show more precision in her

response. Similarly, examples 6.b.1 and 6.b.2 show a
student 6s sentence on t he posttest, AiThese are the

understanding that equivalent fractions on this task are the same shaded region, no matter how many partitions
are used to cut up that region.

Some studentsd responses showed correct thinking in
6.c.1and 6.c.2 provide an instance of a misinterpretation of the question on the pretest, followed by a correct
interpretation on the posttest. Even within this mis

explanation revealed some understagdf equivalent fractions.

The studentds fATechnically Correcto response on the
amounts can be equivalent even if they do not visually look the same or are shaded in the same way. Her
response othe posttest showed a correct interpretation of the question and revealed more information about her
conception of equivalent fractions. This student s r ¢
understandings of equivalent fractioqsi . e . , al |l of these fractions are e

correctly understood the question.

Strategies

Examples 6.a.1 and 6.a.2 show the fAPieces on Each Si
APartitionedcdg@ne Thied &idPi etcredt on Each Sideodo strategy w
String task (50% of VMR students; 56% of PMTR students) and this strategy most often led to a correct
response. When students used some other strategy, such as a differentthisodhost often led them to an

incorrect response.
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6.a.1 6.a.2
Pretest (PMTR student) Posttest (PMTR student)
Response Type: Correct Response Type: Correct
Strategy Used: Pieces on Each Side Strategy Used: Pieces on Each Side
19.  The shaded part of each string below shows a fraction.
This fraction string shows. 3/6. Here is another fraction that is equal to the one in A and B.
A ¢ EpETEE :
BT [ [ m
Here is another fraction that is equal to the one in A. B i
B. ]
o Here is another fraction that is equal to the one in A and B.
] [ 11
Shade in the fraction strings below to show two different fractions that are equal to the
ones show inA, B, and C., Explain your picture. ' "
I mrren 1 ! I 2
I TTM5s 2
' - PN
6.b.1 6.b.2
Pretest (WIR student) Posttest (VMR student)
Response Type: Correct Response Type: Correct
Strategy Used: Partitioned One Side Strategy Used: Partitioned One Side
6.c.1 6.c.2
Pretest (VMR student) Posttest (VMR student)
Response Type: Technically Correct Response Type: Correct
Strategy Used: Pieces on BaSide Strategy Used: Pieces on Each Side
Figure 6. Examples of studentsd pretest and postte:

Discussion

The purpose of this study was to istigate relationships between instructional modalities for learning fraction
concepts and studentsd r es po ntseatmentanstdictiaoMMRandePyITRes f or
instruction led students to use similar responses and strategiesapethesponse fraction items. Overall, the

results of this study corroborate previous research indicating the importance of both types of instructional
modalities, showing thatirtual manipulatives and physical manipulatives are effective instructioold with

positive effects on student learning (e.g., Burns & Hamm, 2011; Carbonneau et al., 2012; Mendiburo &
Hasselbring, 2011; MoydPackenham & Westenskow, 2013; Sowell, 1989). However, a conversion mixed
methods analysis offers researchers an opportuy t o expl ore the nuances of stu
The results of this study provide a wi R3dweeks ofnt o st
instruction.



